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5¿: 1. ¤k�KÑL�3dÁò��µ�m>,�3Ù§�þ�ÆÃ�.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 15 ©) �m¥kü��¥¡B1ÚB2,
�©

µ�<

B2�¹3B1¤�¥N�SÜ, ü¥¡�m�4«��D.

�B´¹3D¥����¥§§�¥¡B1ÚB2þ��.¯µ

(i)£4©¤B�¥%;,�¤�­¡S´Û«­¡¶

(ii)£2©¤B1�¥%ÚB2�¥%´­¡S�Û«:.

y²\�Øä£9©¤.

�µB�¥%;,�¤�­¡S�^=ý¥¡£2©+2©=4©¤¶B1ÚB2�¥%

�S�ü��:£2©¤.

y²: �B1�¥%�O1, �»�R1, B2�¥%�O2, �»�R2. �B´¹3D¥��

�¥§¥%3P:§�»�r, §�¥B1ÚB2þ��. Ï�B�B1S�§¤±PO1 =

R1 − r. Ï�B�B2	�§¤±PO2 = R2 + r. u´k

PO1 + PO2 = R1 +R2

o´~ê. £4©¤

�`´L¥%O1ÚO2���. Ï�B1ÚB23±`�ØÄ¶��m^=eØC, �«

�D�3±`�ØÄ¶��m^=eØC. B3±`�ØÄ¶��m^=e�±

�B1ÚB2þ��§§�¥%P3±`�ØÄ¶��m^=e´���±. 3z�

L��`�²¡Σþ§duPO1 + PO2 = R1 +R2o´~ê, B�¥%;,P3²¡Σþ
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�
�� �!(�K 15 ©)� α > 0, f(x) 3 [0, 1] þ�K, k
�©

µ�<

���¼ê, f(0) = 0, �3 [0, 1] þØð�". ¦y: �3

ξ ∈ (0, 1)¦�

ξf ′′(ξ) + (α + 1)f ′(ξ) > αf(ξ).

yyy²²² (�y{)e(ØØé,Ké�� x ∈ [0, 1)k

xf ′′(x) + (α + 1)f ′(x) 6 αf(x).

ù`²¼ê xf ′(x) + αf(x) − α
∫ x
0
f(u) du��ê��,Ï
üN4~,�§3 0� 0,

�,

xf ′(x) + αf(x) 6 α

∫ x

0

f(u) du, x ∈ [0, 1]. (...... 5©)

Ï


xαf ′(x) + αxα−1f(x) 6 αxα−1
∫ x

0

f(u) du, x ∈ [0, 1].

òþª3 [0, x]þÈ©,��

xαf(x) 6 α

∫ x

0

tα−1
(∫ t

0

f(u) du

)
dt

6 α

∫ x

0

tα−1
(∫ x

0

f(u) du

)
dt

= xα
∫ x

0

f(u) du.

�,

f(x) 6
∫ x

0

f(u) du. (...... 10©)

P, g(x) =
∫ x
0
f(u) du.Klþª�� g′(x) 6 g(x).Ïd

(e−xg(x))′ 6 0.

ù`² e−xg(x)3 [0, 1]þ4~. 5¿� g(0) = 0,�� g(x) 6 0.�l f(x)�K��

g(x) > 0.�, g(x) ≡ 0.l
 f(x) ≡ 0.ù� f(x)Øð�"gñ! (...... 15©)
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n!£�K15©¤�A�n�E�
, p(x)� I−AA
�©

µ�<

�A�õ�ª,Ù¥ AL A��ÝÝ
. y²µp(x)7�¢

Xêõ�ª.

yyy²²²µP

p(t) = det(tI − (I − AĀ)) = det((t− 1)I + AĀ)

�I − AĀ�A�õ�ª. é?Û¢êt§k

(∗) p(t) = det((t− 1)I + AĀ) = det((t− 1)I + ĀA).

£5©¤

é?Ûü��
AÚB§kdet(sI +AB) = det(sI +BA),y²Xeµ��_Ý


S�Bn¦�Bn → B£~X§é¿©��n�Bn = B + 1
n
I¤§K

det(sI + ABn) = det(sB−1n + A)detBn = detBndet(sB
−1
n + A) = det(sI +BnA).

-n→∞,��úªdet(sI + AB) = det(sI +BA). ^B = Ā�\úª§Kk

p(t) = det((t− 1)I + ĀA) = det((t− 1)I + AĀ) = p(t)

é¤k�¢êt¤á§�p(t)�XêÑ´¢ê. £15©¤

5µ��ÏL|^©¬Ý
Ð�C�¦

(
I B

A sI

)
�1�ª5y²úªdet(sI−

AB) = det(sI −BA).äN/µ

∀s 6= 0,

(
I 0

−A I

)(
I B

A sI

)
=

(
I B

0 sI − AB

)
(

I B

A sI

)(
I 0

−A/s I

)
=

(
I −BA/s B

0 sI

)
éþüÝ
�ªü>�1�ª=� det(sI − AB) = det(sI − BA) é���"�¢

êþ¤á.l
õ�ªdet(sI − AB)− det(sI − BA) ≡ 0§Ï�õ�ªdet(sI − AB)−
det(sI −BA)�õ´ngõ�ª. ¼y.
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�
�� o!£�K20©¤®�f1�¢n��½�g.. -
�©

µ�<

V = {f | f�¢n��g.§÷vµé?Û¢êkk kf + f1

áuðÒ�g.},
ùpðÒ�g.�0�g.§�½�g.9K½�g.�

o¡. y²µVUìÏ~��g.\{Úê¦�¤��¢�þ�m§¿¦ù��þ�

m��ê.

yyy{{{1µµµ�f ∈ V, f� f1¤éA��g.Ý
©O� AÚB. dB �½�í�

∃P �_§¦� B = PP T , A = P


λ1

. . .

λn

P T . £10©¤

d^�µé?Û¢êkk kf + f1áuðÒ�g.�í� λ1 = · · · = λn.

¯¢þ§eλ1 6= λ2. Kdªf

kf + f1 = (z1, . . . , zn)P


kλ1 + 1

. . .

kλn + 1

P T


z1
...

zn


�§o��,¢ê q, ¦�(qλ1 + 1)(qλ2 + 1) < 0. l
��ü:µ(z1, . . . , zn)P =

(0, 1, 0, . . . , 0)9 (z1, . . . , zn)P = (1, 0, 0, . . . , 0)§ qf + f13Tü:��ÉÒ§gñ.

�d§·�¢Sþ��V = {kf1|k ∈ R}.
����§ VUìÏ~��g.\{Úê¦�¤��¢�þ�m§¿ù��þ

�m��ê´ 1. y." £20©¤

yyy{{{2µµµÄk§V 6= ∅,Ï�0 ∈ V ,�é?Û¢êkkkf1 ∈ V . £2©¤

Ùg§é?¿�"f ∈ V ,e�3k ∈ R,¦�kf + f1 ≡ 0,Kdf1��½5§�

�k 6= 0§l
f = − 1
k
f1;eé?¿�k ∈ R, kf + f1 6≡ 0,Kd^��§kf + f1�o�

�½�g.§�o�K½�g.. äóµfÚf17�5�'.

^�y{. efÚf1�5Ã'§Kdf1�½�§�3:P1¦�f1(P1) > 0. d��

	�g. g = f1(P1)f − f(P1)f1,dfÚf1�5Ã'�g 6≡ 0 (Ï�{f1(P1),−f(P1)}´
�|Ø��"�ê),��3P2¦�

(∗) 0 6= g(P2) = f1(P1)f(P2)− f(P1)f1(P2).

d�k

(i) P2 6= (0, · · · , 0), f1(P2) > 0;

5



(ii) f(P2), f(P1)ØÓ��".

k�Äf(P1) 6= 0��/§d(*)ªk

f1(P1)

−f(P1)
f(P2) + f1(P2) =

g(P2)

−f(P1)
6= 0.

- k = f1(P1)
−f(P1)

,dkf + f1ðÒ��µ�
g(P2)
−f(P1)

> 0�§ f1(P1)
−f(P1)

f(P1) + f1(P1) > 0,²wþ

ãØ�ª�>�"§gñ.

� g(P2)
−f(P1)

< 0�,� f1(P1)
−f(P1)

f(P1) + f1(P1) < 0,Ø�ª�>�"§gñ.

�e5�Äf(P2) 6= 0��/. Ó�d(*)ªk

−f1(P2)

f(P2)
f(P1) + f1(P1) =

g(P2)

−f(P2)
6= 0.

- k = −f1(P2)
f(P2)

,aq/§dkf + f1ðÒ��gñ.äó¼y. £15©¤

y3§ f�f1�5�'§��3�|Ø��0�êλ1µ,¦� λ1f1 + µf = 0.

eλ1 = 0,K µ 6= 0,Ïdk f = −λ1
µ
f1. eλ1 6= 0,Kdλ1f1 6= 0� µ 6= 0,ÏdE

,k f = −λ1
µ
f1.

�d§·�¢Sþ��V = {kf1|k ∈ R}. £18©¤

������§ VUìÏ~��g.\{Úê¦�¤��¢�þ�m§¿ù�

�þ�m��ê´ 1. £20©¤
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�
�� Ê!£�K15©¤� δ > 0, α ∈ (0, 1),¢ê� {xn}
�©

µ�<

÷v

xn+1 = xn

(
1− hn

nα

)
+

1

nα+δ
, n > 1,

Ù¥ {hn}k��þe.. y²: {nδxn}k..

yyy²²². P c := inf
n>1

hn.

dK����3 N > 1¦�� n > N �,¤á∣∣xn+1

∣∣ 6 (1− c

nα

)
|xn|+

1

nα+δ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+3©= 3©)

±9
δ

n
6

c

2nα
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+3©= 6©)

� C := max
(
N δ|xN |,

2

c

)
. ·�5y²éu n > N ¤á |xn| 6

C

nδ
. Äk§d C

�½Â�� n = N �,k |xn| 6
C

nδ
. ?�Ú,eé,� n > N ¤á |xn| 6

C

nδ
,K

∣∣xn+1

∣∣− C

(n+ 1)δ
6
(

1− c

nα

)C
nδ

+
1

nα+δ
− C

(n+ 1)δ

= C
( 1

nδ
− 1

(n+ 1)δ

)
− Cc− 1

nα+δ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+3©= 9©)

6
Cδ

n1+δ
− Cc− 1

nα+δ
6

Cc

2nα+δ
− Cc− 1

nα+δ
= −Cc− 2

2nα+δ
6 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+3©= 12©)

Ïd,dêÆ8B{��� n > N �,o¤á |xn| 6
C

nδ
. Ïd, {nδxn}k..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+3©= 15©)
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8!£�K20©¤� f(x) =
1

1 + ex
.

�©

µ�<

(i) y² f(x) ´ [0,+∞) þ�à¼ê. ?�Ú, y²�

x, y > 0�¤á f(x) + f(y) 6 f(0) + f(x+ y).

(ii) � n > 3, Á(½8Ü E ≡
{ n∑
k=1

f(xk)
∣∣∣ n∑
k=1

xk =

0, x1, . . . , xn ∈ R
}

.

))):

(i) ·�k

f ′(x) = − ex

(1 + ex)2
, f ′′(x) =

ex(ex − 1)

(1 + ex)3
.

� x > 0�,¤á f ′′(x) > 0. ¤± f(x)´ [0,+∞)þ�à¼ê.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+4©= 4©)

l
 f ′(x)3 [0,+∞)þüNO\,Ïdéu x, y > 0,k

f(x+ y)− f(x)− f(y) + f(0) =

∫ y

0

(
f ′(t+ x)− f ′(t)

)
dt > 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+2©= 6©)

(ii) dëY5,´� E ´��«m.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+2©= 8©)

·�k f(x) + f(−x) = 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+2©= 10©)

e� x1 + x2 + . . .+ xn = 0.

e x1 = x2 = . . . = xn = 0,K
n∑
j=1

f(xj) =
n

2
.

e x1, x2, . . . , xn Ø��", �Ù¥Kê��ê� k, �Kê��ê� m, K

m+ k = n, 1 6 k 6 n− 1.

Ø�� x1, . . . , xm > 0, xm+1, . . . , xn < 0. P y1 = −xm+1, y2 = −xm+2, . . . , yk =

−xn, x = x1 + . . .+ xm = y1 + . . .+ yk,Kd (i)´�

f(y1) + f(y2) + . . .+ f(yk) 6 (k − 1)f(0) + f(x).

5¿�mf
( x
m

)
− f(x)3 [0,+∞)þî�ü~,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+4©= 14©)
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n∑
j=1

f(xj) =
m∑
j=1

f(xj) + k −
k∑
j=1

f(yj)

> mf
( x
m

)
+ k −

(
(k − 1)f(0) + f(x)

)
> lim

u→+∞

[
mf
( u
m

)
+ k −

(
(k − 1)f(0) + f(u)

)]
=

k + 1

2
> 1.

ùL² inf E > 1
 1 6∈ E.

,��¡,� u > 0, x1 = x2 = . . . = xn−1 = u
n−1 , xn = −u,K

lim
u→+∞

n∑
j=1

f(xj) = lim
u→+∞

(
(n− 1)f

( u

n− 1

)
+ 1− f

(
u
))

= 1.

Ïd, inf E = 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+4©= 18©)

,��¡,d f(−x) = 1− f(x)��

E = {n− z|z ∈ E}.

Ïd, supE = n− 1,� n− 1 6∈ E.

¤± E �m«m (1, n− 1).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (+2©= 20©)
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